We consider the cross section of electron-positron pair production by a high-energy photon in a strong Coulomb field close to the end of electron or positron spectrum. We show that the cross section essentially differs from the result obtained in the Born approximation as well as form the result which takes into account the Coulomb corrections under assumption that both electron and positron are ultrarelativistic. The cross section of bremsstrahlung in a strong Coulomb field by a high-energy electron is also obtained in the region where the final electron is not ultrarelativistic.
I. INTRODUCTION
The production of an electron-positron (e + e − ) pair by a photon in a strong atomic field has been investigated already since many years both theoretically and experimentally because of the importance of this process for various applications, see Refs. [1, 2] . The cross section of this process in the Born approximation is known for arbitrary energy ω of the incoming photon, Refs. [3, 4] (we set = c = 1 throughout the paper). The effect of screening in this approximation can be easily taken into account using the atomic form factor [5] . For heavy atoms, it is however necessary to take into account the Coulomb corrections. These corrections are higher-order terms of the perturbation theory with respect to the parameter Zα, where Z is the atomic charge number and α = e 2 ≈ 1/137 is the fine-structure constant, with e being the absolute value of the electron charge. The formal expression of the Coulomb corrections, exact in Zα and ω, was derived in Ref. [6] . This expression has a very complicated form which leads to difficulties in numerical computations. The difficulties grow as ω increases, so that numerical results have been so far obtained only for ω < 12.5
MeV, Ref. [7] .
In the high-energy region ω ≫ m (m is the electron mass), considerations become greatly simplified. As a result, a simple form of the Coulomb corrections was obtained in Refs. [8, 9] in the leading approximation with respect to m/ω. However, this result has good accuracy only at energies ω 100 MeV. The theoretical description of the Coulomb corrections for the total cross section at intermediate photon energies (5 ÷ 100 MeV) was based during a long time on the "bridging" expression derived in [10] . This expression is actually an extrapolation of the results obtained at ω < 5 MeV. Results for the spectrum of one of the created particles at intermediate ω were practically absent. Recently, an important step was made in Ref. [11] where the first corrections of the order of m/ω to the spectrum as well as to the total cross section of e + e − photoproduction in a strong atomic field were derived.
The correction to spectrum was obtained in the region where both produced particles are relativistic. It turns out that this correction is antisymmetric with respect to replacement ǫ + ↔ ǫ − , where ǫ + and ǫ − are the energy of the positron and the electron, respectively.
Since the correction to the total cross section resulted to be very large, it is not related to the central region, where the created electron and positron are ultrarelativistic, and it comes from the region close to the end of spectrum where ǫ + ∼ m or ǫ − ∼ m. In Ref. [11] , the correction to the total cross section was obtained with the use of the dispersion relation for the forward Delbrück scattering amplitude but not by the direct integration of the spectrum.
Note that the account for the correction to the total cross section leads to good description of available experimental data at intermediate photon energies, Refs. [12] .
In the present paper, we calculate the electron (positron) spectrum in the process of e + e − photoproduction in a strong Coulomb field in the case ǫ − ∼ m (ǫ + ∼ m) and ω ≫ m.
We show that the Coulomb corrections drastically differ form that obtained in the region where ǫ + ≫ m and ǫ − ≫ m. In an analogous way, we have also derived the spectrum of bremsstrahlung in a strong Coulomb field in the region where the radiated photon has the energy close to that of the initial electron.
II. GENERAL DISCUSSION
Following the usual Feynman rules (see, e. g., Ref. [13] ), the e + e − photoproduction cross section, at leading order in the interaction between the photon field and the electronpositron field, averaged over the polarization of the incoming photon and summed up over polarizations of electron and positron has the form
where (ω, k) is the four-momentum of the photon, (ǫ − , p − ) and (ǫ + , p + ) are the fourmomenta of the electron and the positron, respectively, and λ − and λ + are their polarization indexes. Also, U p − ,λ − and V p + ,λ + are the corresponding positive-energy and negative-energy wave functions in a strong Coulomb field and γ µ are the Dirac matrices. In the following, we will calculate the spectrum, i.e., the cross section integrated over the angles of the vectors p + and p − . Due to rotational symmetry, this quantity is independent of the direction of the photon momentum k. Therefore, we can average it over this direction, i.e., integrate both sides of Eq. (1) over dΩ k /(4π). This results in the replacement
where R = |y − x|. We can also use the known relations [14] 
where ǫ > 0 and δG(x, y |±ǫ) is the discontinuity on the cut of the electron Green's function in the Coulomb field, to obtain
Since the representation (3) of the quantity δG(y, x |ǫ − ) is independent of the basis employed, we can also write δG(y, x |ǫ − ) in the form
and represent the spectrum as follows
where (A8). Moreover, it can be seen that if p − ≪ p + , then the main contribution to the integral in Eq. (6) is given by the region where the angles between vectors x and y are not small (or close to π). This is the region which also gives the main contribution to the bound-free photoproduction cross section at ω ≫ m, see Ref. [17] . In this region the expression in Eq.
(A8) becomes essentially simpler, see Eq. (A9). By substituting Eq. (A9) in Eq. (6) and by keeping the terms which do not contain highly oscillating functions, we arrive at
where φ = ǫ − R + 2Zαs (the notation is explained in Eq. (A9)). By employing the explicit form (A1) of the electron wave function, we finally arrive at the following expression of the cross section of pair production in the case of slow electron
where
, and P l (t) are the Legendre polynomials.
The cross section on the other end of the spectrum, i.e. in the case of slow positron with momentum p + ∼ m, is given by Eq. (8) with the replacement
and Z → −Z. With the same procedure, one can also derive the spectrum of bremsstrahlung by a high-energy electron for the case where the final electron with momentum p 1 and energy
It turns out that this spectrum is given by the same formula (8) with the obvious substitutions p − → p 1 and ǫ − → ǫ 1 . Note that the correction to the bremsstrahlung spectrum of the order of m/ǫ 1 in the case of initial and final electrons both ultrarelativistic was obtained recently in Ref. [11] from the corresponding results for pair production, and in Ref. [18] directly from the matrix element of bremsstrahlung.
It can be shown that three integrations in Eq. (8) can be performed analytically and the spectrum dσ/dǫ − becomes
It is convenient to multiply the integrand in this formula by unity written in the form
to change the order of integration over the variables t and u, and to take the integral over t (by exploiting the δ-function). After that, we pass from the variables x and y to the variables ρ and v such that x = ρ(1 + v)/2 and y = ρ(1 − v)/2. As a result we obtain
This formula is still not convenient for numerical calculations because of the strong oscillations of the integrand in the vicinity of the point u = 0. In order to overcome this difficulty, we write
Then, by using the properties of the integrand M(u, v, ρ), we make the following transfor-
In the first step we changed the integration order of the variables u and v and then we performed the change of variable v → vu. In the second step, we changed the contour of integration, by exploiting the fact that the contribution along the straight path from the point u 1 = 1 + i∞ to the point u 2 = −1 + i∞ vanishes due to the exponential function exp(iΦ) (see Eq. (11) and also Fig. 1 ). This form of integral is appropriate for numerical calculations. Note that the integral (13) has zero imaginary part, so that it is not necessary to take real part of it afterwards.
Let us consider the spectrum Eq. (11) in the limit β − = p − /ǫ − → 0. Substituting the asymptotics (A5) of the functions f (r) and g(r) in Eq. (11), we obtain
The integration over the variable ρ can be taken by using the relation [19] 
The remaining integrations over the variables v and u can be performed numerically by employing the transformation (13) . The largest contribution to the sum over j is given by the term with j = 1/2. The contribution of the term with j = 3/2 is essentially smaller, while that with j = 5/2 is less than one percent even for large Z. In our numerical calculations here we have included terms with j = 1/2, j = 3/2 and j = 5/2. The results for ωdσ/dǫ − in units ofσ = α(Zα) 3 /m 2 at zero electron velocity is shown in Fig. 2 as a solid curve. At
Zα → 0 we obtain ωdσ/dǫ − = 4πσ in agreement with previous results. In Ref. [20] by Deck et al., the following formula for ωdσ/dǫ − at zero electron velocity was suggested ω dσ
This formula is shown in Fig. 2 as a dashed curve and it is clear from the figure that Eq. (16) is applicable only at small values of Zα. Also, note that the cross section ωdσ B /dǫ − in the Born approximation vanishes in the limit β − → 0, since at β − ≪ 1 it scales as ωdσ B /dǫ − ≈ 2α(Zα) 2 β − /m 2 . In Ref. [7] the results for ωdσ/dǫ − was obtained at ω = 40 MeV and ǫ − = 1.008 m (which corresponds to β − = 0.1265). These results are shown in Fig. 2 as a dotted curve starting from Z = 11. One sees an excellent agreement of our results with those of Ref. [7] . At Z = 1 there is disagreement because at small Z and β − = 0.1265 the contribution of the Born term is also important. Finally, we observe that, as expected, the spectrum of positron at small positron velocity tends to zero because in this case the wave functions are exponentially small (see Appendix A).
IV. CROSS SECTION AT NON-ZERO ELECTRON VELOCITY
In order to obtain the spectrum for non-zero electron velocity, we substitute the explicit form of wave function (A1) in Eq. (11) and use the relation F (α, β − , x) = e x F (β − − α, β − , −x) for the confluent hypergeometric function. We come to the following expression for the cross section at
where ν = Zα/β − and γ = L 2 − (Zα) 2 . Then, we perform the transformation (13) and take analytically the integral over the variable ρ using the relation (see mathematical Appendix f in Ref. [21] )
where F (a, b, c, x) is the hypergeometric function. After that we take numerically the integrals over the variables v and u.
The cross section in Eq. (17) can be represented as
Unfortunately, the convergence of the series (19) is not fast, and it is necessary to take into account terms dσ L /dǫ − with rather large L, especially at ǫ − ≫ m. In order to overcome this problem, we make the following approximation
where L 0 is a large integer and dσ
is much faster than the convergence of ∞ L=1 dσ L /dǫ − , and it is not necessary to take very large value of L 0 (we have seen that by choosing L 0 = 5, an accuracy of about 10 % is reached), while the series Σ A can be summed analytically. Since the summation is not straightforward, we report some steps in the next paragraph.
A. Calculation of Σ A
It is convenient to perform calculation of Σ A starting from Eq. (4). After the replacement γ → L, the expression for the discontinuity of the electron Green's function is given by Eq.
(A8). By using this expression and by passing to the same variables as in the derivation of Eq. (11), we can again employ the convenient transformation (13) . In this way, the integral over the variable v can be easily performed and one obtains
Since the contour of integration over τ passes in the positive direction around the point τ = 0, we can make a shift τ → τ − iπ/2 and take the integral over τ in M A (u) using the
Then we take the integral over ρ with the help of Eq. (18) . Finally, we have
31 + I
(1) 13
31 − I
12 + I
(1) 21
12 + I (2) 21
This expression is particularly suitable for numerical integration. In the next section we report our results obtained starting from Eqs. (17) in the approximation (20) .
V. RESULTS AND DISCUSSION
The cross section dσ B /dǫ − of the pair production process in the Born approximation is well known (see, for example, Ref. [13] ). In our limit (ω ≫ m and p − ≪ ω), it has the form
In particular, at p − ≪ m it is dσ B /dǫ − = 2σ 0 p − /m, while at p − ≫ m the same cross section has the asymptotics
Now, the leading Coulomb correction to dσ/dǫ − at m ≪ ǫ − ≪ ω reads [9] 
where ψ(x) = d ln Γ(x)/dx, C = 0.577... is the Euler constant. The correction (26) is independent of ǫ − and it is the same for electron and positron (i. e., it is an even function of Zα). The next-to-leading correction was calculated recently in Ref. [11] and at m ≪ ǫ − ≪ ω it has the form
This correction has opposite sign for electron and positron since g(x) is an odd function of Zα and it increases the cross section for slow electron while it decreases it for slow positron.
In Fig. 3 and Fig. 4 we show our results for the Coulomb corrections ωσ C /dǫ ∓ (dashed curves) and ωσ
On the one hand, one can see that for each Z our results tend at large energies to the constant value −4f (Zα). On the other hand, the next-to-leading correction dσ C ∝ m/ω, was also obtained. It reads
where the function f 1 (Zα) is related to the total cross section σ bf of the bound-free photoproduction,
The function f 1 (Zα) is of the order of unity for all values of Z, see Ref. [11] . Since the Coulomb correction dσ
C /dǫ ± has opposite sign for electron and positron in the region where both particles are relativistic, the correction σ C can be obtained from our results using the relation
Our numerical data are in a qualitative agreement with Eq. (28) though accuracy is not very high because of strong cancellations between all terms in the integrand in Eq. (30).
We conclude this section by discussing how it is possible to apply our results for photoproduction on heavy atoms, i.e., how the effects of screening can be accounted for. As it was pointed out above, the main contribution to the high-energy photoproduction cross section close to the end of spectrum of electron (or positron) comes from distances r ∼ 1/m ≪ r scr , where r scr ≈ 1/(mZ 1/3 α) is the typical screening radius. Therefore, one can account for the screening by employing the prescription formulated in Refs. [23] [24] [25] . Namely, the spectrum of slow electron in the screened Coulomb field can be obtain from that in unscreened field by means of the shift ǫ − → ǫ − + ∆ and values of the energy shift ∆ for various atoms are presented in Refs. [23] [24] [25] . Analogously, for slow positron the corresponding shift is
In all cases ∆/m < 4 × 10 −2 . Thus, the effect of screening in our problem is important only for very small electron or positron velocities.
VI. CONCLUSION
We have calculated exactly in the parameter Zα the cross section of e The positive-energy wave function U j,l,µ (p, r) with total angular momentum j, parity (−1) j+σ/2 (σ = ±1), and projection µ of the total angular momentum on some quantization axis has the form [13]
where F (α, β − , x) is the confluent hypergeometrical function and Ω j,l,µ (n) is a spherical spinor. The negative-energy wave function V j,σ,µ (p, r) employed here can be obtained from
If ǫ ≫ m and r ∼ 1/m then pr ≫ 1 and
The high-energy asymptotics of the functions f (r) and g(r) for negative-energy states (ǫ ≪ −m) are given by Eqs.(A2) with the replacement Z → −Z.
Let us consider the case ǫ → m, v = p/ǫ ≪ 1. At |y| → ∞ and fixed x,
Bessel functions is large and Eq. (A8) becomes essentially simpler: 
